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where E i s  the s t ructure factor  on a scale ( E  ~) ----1. 
Turning  first  to Z'I: i t  is immedia te ly  apparen t  t h a t  

this  is equivalent  to the coefficient of a sharpened Pat te r -  
son wi th  the peak a t  the origin removed. I t  is well known 
t h a t  a Pa t te r son  of a s t ructure having  a center of sym- 
me t ry  contains a set of ' rotat ional '  peaks corresponding 
to the vectors across the  center of symmet ry .  These 
peaks correspond to an  image of the s t ructure on twice 
the  scale. A detailed calculation (Vand & Pepinsky,  1953, 
1954) indicates t h a t  the H a u p t m a n - K a r l e  s tat is t ical  
formulae are s imply making  use of the above proper ty  
of the Pa t te r son  funct ion in  order to obtain the bias for 
the probabi l i ty  of sign of a s t ructure factor.  I t  unfor- 
t u n a t e l y  follows t h a t  when the  stat is t ical  formulae are 
used jointly, noth ing  else t han  a Pa t te rson  is obtained, 
whatever the number of structure factors used. Therefore the 
solution converges to the highest  peaks of the Pat terson,  
and  the stat is t ical  method becomes successful only when 
the highest  peaks of the Pa t te r son  resemble the image of 
the s t ructure  on twice the scale. This seldom occurs in 
practice,  however, since the wanted  rotational peaks have 
half  the  weight  of the non-rotational peaks. I t  follows t h a t  
the  only s t ructures  which can be solved in space group 
P i  are those wi th  two atoms per  cell. We have t r ied to 
app ly  the method  to a four-atom structure,  and  have 
ob ta ined- -as  theoret ical ly  p red ic t ed - -an  incorrect solu- 
t ion resembling the Pa t te rson  ra ther  t han  the s t ructure  
itself. 

Turning  now to Z:4: we see t h a t  this  is equivalent  to 
a convolution in reciprocal space, and  therefore to a 
product  in Pa t te rson  space. This product  turns  out  to 
be noth ing  else t han  a square of Pa t te r son  densi ty.  This 
sharpens the  Pa t te rson  peaks, bu t  brings out  the  un- 
wan ted  peaks much  higher t han  the wanted  rota t ional  
peaks. I t  therefore can be concluded tha t  if ~:~ leads 
jo in t ly  to an  incorrect structure,  then  Z" 4 cer ta inly leads 
jo in t ly  to an  incorrect structure.  The claim t h a t  the  
formulae represent  a solution for the space group P i  is 
therefore fallacious. 

The above considerations need to be modified when 
other  elements of s y m m e t r y  are present.  We have  shown 
(Vand & Pepinsky,  1953) t h a t  the  s ta t is t ical  formulae 
then  become equivalent  to P a t t e r s o n - H a r k e r  sections. 
I f  these sections resemble the image of the s t ructure  on 
twice the scale, the  stat is t ical  formulae become successful; 
bu t  the Harke r  sections then  become so, too. This is the  
case wi th  naphthalene,  used as an  example of the power 
of their  me thod  b y  H a u p t m a n  & Karle.  In  this  respect, 
their  me thod  does not  represent any th ing  of greater  power 

t han  t h a t  of previously known methods.  On the contrary ,  
the  intel l igent  use of Harke r  maps  permits  one to  
dist inguish and  allow for non-Harker  peaks, whereas the  
stat is t ical  method  conceals their  influence in the mathe-  
mat ics  involved. 

This note is not  mean t  to bel i t t le  ent irely the value of 
the formulae derived by  H a u p t m a n  & Karle.  In  fact,  
their  approach has  led us to derivat ions of maps  which 
are superior to Harke r  maps  for the  purposes of s t ructure  
determinat ion.  For  example, one of the functions for 
space group P21/c is a map  hav ing  

U2h,0,~Z ~v ( _ 1)~+z ( E ~ - -  1) 
k 

as Fourier  coefficients. This map  shows non-Harker  peaks  
considerably suppressed. Detai ls  of the derivat ions and  
properties of these functions have been made  available 
elsewhere, along wi th  a full account  of all the  above 
mat te r s  (Vand & Pepinsky,  1953). 

Our conclusions are in full agreement  wi th  those 
obtained independent ly  b y  Cochran & Woolfson (1954), 
which appear  elsewhere in this  issue of Acta Crystallo- 
graphica. We are grateful  to these authors  for permi t t ing  
us to see thei r  communicat ion before i ts  publication.  
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supported by  Contract  No. N6onr-26916, T. O. 16, wi th  
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A rout ine solution of the phase problem, val id  for all 92 
centrosymmetr ic  space groups, is described in our Mono- 
graph  (Haup tman  & Karle,  1953). The evidence for its 
va l id i ty  we felt was overwhelming. The mathemat ica l  
development  is exact  and rigorous, and  is not  challenged 
in the above notes (Cochran & Woolfson, 1954; Vand  & 
Pepinsky,  1954). The probabi l i ty  theory  yields the correct 

s t ructure  invar ian ts  and  seminvariants .  The final for- 
mulas  are capable of independent  just if icat ion b y  means 
of a simple geometric interpretat ion.  Final ly ,  the  ap- 
pl icat ion of these formulas to the naphtha lene  s t ructure  
was successful. We consider this  applicat ion non- t r iv ia l  
because no advan tage  was t aken  of the special propert ies 
of this  simple structure,  and  only a small fract ion of the  
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to ta l  power of the  formulas was used. Owing to the  fact  
t h a t  the  probabi l i ty  dis t r ibut ion for the  normalized 
s t ructure  factor E is a lways approx imate ly  

1 
V2 z exp (--½E2), 

all s t ructures  are equal ly  vulnerable to the  a t t ack  b y  
probabi l i ty  methods.  

In  view of these considerations, we looked forward,  
wi th  the appearance of the  Monograph,  to a period of 
cooperation wi th  crystal lographers  interested in apply ing  
the  method,  since the very  essence of the scientific me thod  
consists in the direct confrontat ion of a plausible theory  
wi th  an  exper imenta l  problem. Indeed,  we have recent ly  
enjoyed the privilege of cooperat ing wi th  Christ,  Clark 
& Evans  (1954) in their  s tudy  of the s t ructure  of cole- 
mani te ,  and  the successful appl icat ion of these methods  
is described in the note which follows. 

I n  view of the  successful solution of the  colemanite 
s tructure,  the  appearance of the  previous two notes is 
unfor tuna te  since they  t end  to discourage fur ther  applica- 
t ions of method.  

W i t h  regard to the note of Cochran & Woolfson (1954), 
there  is no logical basis for their  in te rpre ta t ion  of the  
va l id i ty  of our formulas in terms of the Pa t t e r son  func- 
tion. Fur thermore ,  while t h e y  implic i t ly  admi t  the  exis- 
tence of a bias in the separate  terms of 274, t hey  conclude 
t h a t  this  bias can never be revealed, no ma t t e r  how m a n y  
terms 274 m a y  contain.  This  conclusion contradicts  well 
known laws of probabi l i ty  and  is in disagreement  wi th  
column 5 of Table 14 in the  Monograph.  

The note  of Vand  & Pep insky  (1954) is vague and  
logically disconnected. Their  claim t h a t  our formulas  
are approximate  is misleading because, as implied on the  
top of p. 39 of the Monograph,  a n y  desired accuracy can 
be obta ined b y  using a sufficient number  of terms in the  
series expansion of (3-03). Na tu ra l ly  we listed only those 
terms which in our experience appeared to be required. 
In  a n y  event ,  i t  is difficult  to under s t and  how more 
accurate  general  dis t r ibut ions can be obta ined from 
empirical  tables. 

Their  claim t h a t  our formulas are re la ted to the  
Pa t t e r son  funct ion in the way  they  describe has not  been 
just if ied and,  in view of the theoret ical  der ivat ion and  the 
exper imenta l  verif ication of our formulas,  their  claim 

cannot be justified. Also, i t  is no t  a t  all clear how indi- 
v idual  formulas admi t t ed ly  hav ing  the  correct bias can 
lead to incorrect answers when  a sufficient number  of 
s t ructure  factors are used joint ly .  

For  P1 ,  i t  is t rue  t h a t  271 contains only one term, and  
consequent ly  is un impor t an t  as a phase-determining 
formula for this  space group. For  the  other  space groups, 
however,  2:1 contains several terms and  is an  impor t an t  
phase-determlning relation. Thus  271 is included in the  
formulas for P 1  merely  for completeness;  the  te rm 274, 
which m a y  contain hundreds  of terms,  is much  more 
impor tan t .  The terms 27~. and  27a are also very  impor t an t  
in the  in termedia te  stages of the  phase-determining 
procedure. I t  is therefore difficult to under s t and  w h y  
these t~rms have  been omi t ted  from their  considerat ion 
while the  un impor t an t  271 occupies a central  posit ion in 
thei r  note. Fur thermore ,  i t  should be noted  t h a t  in P i ,  
271 and  274 app ly  only to those s t ructure  factors whose 
indices h,/c, 1 are all even. 

The general  impression given b y  the  note of Vand  & 
Pep insky  is t h a t  our solution of the phase problem 'does 
not  represent  a n y t h i n g  of greater  power t han  t h a t  of 
previously known methods '  (e.g. the  use of Harke r  maps),  
whereas t hey  claim to have  discovered new formulas of 
greater  power. Their  example of such a formula is the  
coefficient of U2h,0,~z in thei r  last  equation.  They  ap- 
pa ren t ly  failed to realize t h a t  this  is identical with  our 
equat ion  (4-41) on p. 63 of the Monograph and  has  been 
used b y  us to help determine the signs of E2h,0,~z for 
naphthalene .  (Note t h a t  t hey  refer to P21/c ins tead of 
our P21/a. ) 

In  conclusion we would welcome fur ther  opportuni t ies  
to cooperate wi th  other  crystal lographers  in apply ing  
these methods  to the  s tudy  of s t ructures  in the  various 
cent rosymmetr ic  space groups. 
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The present  note  describes the  pre l iminary  s t ructure  of 
co lemani te ,  CaB304(OH)3. H20,  obta ined through the use 
of the direct me thod  of crysta l -s t ructure  de terminat ion  
given b y  H a u p t m a n  & Kar le  (1953). 

In  order to compute the E~kl'S required by  the method,  
3084 F~kz's (including 1056 non-observed /~kZ'S), ob- 
ta ined by  visual  est imation,  were used to determine the  

* Publieat,ion authorized by the Director, U.S. Geological 
Survey. 

K(s) curve (Karle & H a u p t m a n ,  1953). Using all 3084 
E~kl's the  signs of the  2028 non-zero FhkZ's were calcu- 
lated. For  183 (9 %) of these non-zero terms the sign was 
indeterminate .  However ,  only the sums Z x, 272, and  27a 
were used in the  sign determinat ions,  and  only a small 
percentage of the  to ta l  avai lable number  of contr ibutors  
to each of these sums was used. I t  seems clear from this  
t h a t  a t  least  most  of the remaining 183 signs could have  
been obta ined using the  full power of the me thod  had  
i t  been necessary for this  pre l iminary  invest igat ion.  


